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What is GaMM about?
• Part of the answer to the ‘million dollar’ question of how to estimate

time-varying parameters.
• Easily implementable and flexible method to be used when MLE is

not feasible/desirable.
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GMM

Given moment condition, gt = yt − µ; minimize
∑

g2
t .



GMM

For a given initial guess for µ, optimizer looks at the global misfit of the
model.
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GMM with structural breaks

When data exhibits structural breaks, fitting the model with the full sample
will not yield good results.



GMM with structural breaks

Instead, you would divide the sample into sub-samples and test whether
locally minimising misfit of the model yields improvement over full sam-
ple, see Chow (1960), Quandt (1960), Andrews (1993), Bai (1997), Bai and
Perron (1998), etc.



GMM with structural breaks



Our approach, GaMM

Observation driven method, so: µ̂t+1 = ω (I − B) Bµ̂t + Af (gt)
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Our approach, GaMM
Due to observation-driv-
en natrure of the method 
we may be late to adjust 
if shifts are sudden and 
large.

Observation driven method, so: µ̂t+1 = Bµ̂t + Af (gt)



Contribution
Observation driven GMM which allows any parameter dynamics.



Related literature

GaMM eats GAS
Creal, Koopman, and Lucas (2013)

Other methods
Parameter-driven: Kim and Nelson (1999), Durbin and Koopman (2012), McFadden

(1989), Gouriéroux et al. (1993), Gallant and Tauchen (1996), Gallant et al. (2014).



GaMM(1,1)

Et−1 [gt (wt; ft, θ)] = 0 (1)

{wt} = {yt, xt, zt} (2)

GMM objective function at time t:

Et−1 [gt (wt; ft, θ)]⊺ Ωt Et−1 [gt (wt; ft, θ)] (3)

We use the notion of Fréchet derivative to derive first-order conditions:

Gϵ
t
⊺
Ωt Eϵt−1 [gt (wt; ft, θ)] = 0 (4)

Gϵ
t = Eϵt−1

[
∂gt (wt; ft, θ)

∂f⊺t

]
(5)

Where: Ωt =
{

Et−1

[
gtg

⊺
t
]}⋆ (efficient) and H⋆ is the Moore-Penrose pseudo inverse. In the paper,

we use Ωt = I with good results. The nature of the problem determines whether and how Gt needs

to be estimated.



Transition dynamics for ft → ft+1

General updating step:

st = − (G⊺
t ΩtG)

⋆ G⊺
t Ωtgt (wt; ft, θ) (6)

Time-varying parameter recursion:

ft+1 = B (ft − ω) + ω + Ast (7)

Local optimality of dynamics
• Blasques et al. (2015) show that score updates (for GAS models) improve the local Kullback-

Leibler divergence between the true data density and the model density.

• We extend these results from a fully parametric setting to the semi-parametric setting.

• GaMM dynamics efficiently process new observations and update ft to ft+1.

• Results hold whether or not the statistical model is correctly specified.



Estimation
GaMM instruments:

ḡt = gt (wt; [θ, ft]) ⊗
[

1 st−1 ft−1

]⊺
(8)

ḡ =
1

T

T∑
t=1

ḡt ≈ E [ḡt (·)] = 0 (9)

Criterion function, where θ corresponds to all static parameters, including ω, A, B:

min
θ∈Θ

ḡ⊺
Ω̄ḡ (10)
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Asymptotic theory
Consistency and asymptotic normality results follow from Hansen (1982), including an expression for the
asymptotic covariance matrix of θ̂ under standard high-level regularity conditions.

n1/2
(
θ̂ − θ0

)
d→ N

(
0, H−1D̄H−1

)
, D̄ = Ḡ⊺

Ω̄V̄Ω̄Ḡ. (11)

The efficient weighting matrix is Ω̄ = V̄−1 , in which case the asymptotic covariance matrix collapses to

(Ḡ⊺ Ω̄ Ḡ)−1 .
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Optimality of instruments
•

[
1 st−1 ft−1

]
are not optimal.

• Optimal instruments would be of the form:

W⊺
t = Ωt Et−1

[
∂gt(wt; ft, θ)

∂θ⊺

]
+ Ωt Gt

d ft(wt−1; ft−1, θ)

d θ⊺ (12)

d ft+1

d θ⊺ =
(

0 I − B f⊺t ⊗ I s⊺t ⊗ I
)

+ B
d ft

d θ⊺ + A
∂st

∂θ⊺ + A
∂st

∂f⊺t

d ft
d θ⊺ (13)

• Optimal instruments are a smoothed version of
[

1 st−1 ft−1

]
.

• What we propose accounts for the dominant source of variation in the optimal instruments,
while avoiding additional recursions during the estimation stage.



Flexibility
The joint GaMM dynamics for the vector f̃t+1 = (ft⊺, θ⊺

c )
⊺ are

f̃t+1 =

[
ft
θc

]
= ω̃ +

p∑
j=1

B̃j
(̃

ft−j+1 − ω̃
)
+

q∑
i=1

Ãi s̃t−i+1, (14)

B̃j =

[
Bj CB

j

0 0

]
, ω̃ =

[
ω

θ

]
, Ãi =

[
Ai CA

i

0 0

]
,

The matrices CA
i and CB

j allow the time-varying parameter ft to also react to the score of

the static parameters θc.



Flexibility
Consider a model with time-varying variance σ2

t and constant mean µ, i.e., yt = µ + εt,
with εt = σtzt, and zt ∼ D (0, 1) for some distribution D with zero mean and variance one.
We obtain that

gt =

[
yt − µ

(yt − µ)2 − σ2
t

]
=

[
εt

ε2t − σ2
t

]
, Gt = −I. (15)

Fixing CB = 0, the GaMM(1,1) recursion with A1 = A and B1 = B for ft = σ2
t is

σ
2
t+1 = ω (1 − B) + Aε

2
t + (B − A)σ

2
t︸ ︷︷ ︸

GARCH(1,1)

+ CA
εt︸︷︷︸

Leverage

.

Which coincides with the familiar GARCH(1,1) model of Engle (1982) and Bollerslev (1986)

with an additional leverage effect CAεt. The leverage effect is similar in form and spirit to

the optimal leverage effect of GARCH filters in a mis-specified model setting as laid out in

Nelson and Foster (1994).



Application: time-varying risk aversion in CCAPM
The standard power utility

1 = Et

[
β

(
Ct+1

Ct

)−γ

Rx
t+1

]
(16)

Where, as in Hansen and Singleton (1982), Ct is aggregate real consump-
tion measure and Rx

t is real return from a test asset.

Facts:
• discount factor is consistently estimated close to 1.0; Ghysels and Hall

(1990); Hansen and Singleton (1982)
• risk-aversion is sensitive to initial values, sample selection, and when

estimated it tends to be an order of magnitude too high; Hansen and
Singleton (1982), Savov (2011), Mehra and Prescott (1985)



Application: time-varying risk aversion in CCAPM

1 = Et

[
β

(
Ct+1

Ct

)−γt

Rx
t+1

]
(17)

We assume that shocks to risk-aversion are exogenous and that agents
are myopic in the sense that they consider γt to remain fixed forever when
making their decision at time t.

We can directly employ the GaMM framework by taking ft = γt.



Simulations: structural breaks
GMM



Simulations: structural breaks
GaMM

GaMM(1,1)

Standard full sample GMM



Simulations: AR(1)
GaMM

GaMM(1,1)

Standard full sample GMM



U.S. quaterly data (1947–2013)
• quaterly data from 1947–2013
• current price returns from Shiller (2001)
• current price consumption expenditures on non-durables and ser-

vices from BEA
• deflators from Shiller (2001) and updated based on BEA’s NIPA tables
• we fix β = 0.995 in estimation to bring focus to the risk-aversion pa-

rameter; Hansen, et. al. (2008); Savov (2011)



U.S. quaterly data (1947–2013)
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Also in the paper...
• Two additional applications:

• Time-varying scale in stable distributions.
GaMM estimates the time-varying scale and remaining static
parameters without bias.

• Endogenous regressor problem.
We benchmark GaMM against Kalman Filter, the Kalman Fil-
ter results are biased but with low sampling variability, whereas
paths obtained with GaMM are unbiased on average, but at
the cost of a higher sampling variance.

• Penalized criterion function which further reduces RMSE.



Conclusions
• GaMM extends Generalized Method of Moments (GMM) to a setting

where a subset of the parameters are expected to vary over time with
unknown dynamics.

• You only need to specify a set of conditional moment conditions and
a set of parameters which are assumed to vary over time.

• We approximate the dynamics by an autoregressive process driven
by the score of the local GMM criterion function to filter out the dy-
namic path of the time-varying parameter.

• Our approach is completely observation driven, such that estimation
and inference are entirely straightforward.

• GaMM is flexible, easily implementable, and allows for any parame-
ter dynamics, e.g., structural breaks, sinusoidal waves, AR(p), etc.

• GaMM generalizes GAS (Creal et al., 2013) to settings where densities
are unknown or hard to derive.


